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Abstract 
Let T be a finite subset of the integers. Let sum(T) denote the sum of the elements of T. We use this 
function to construct a decomposition of the edges of the subgraph of N and N + 1 ranked subsets of 
a 2N + 1 set into a disjoint union of matchings. 
1. Introduction 
Let S be a set with odd cardinality and consider its subset lattice. De Bruijn et al. [2] 
and Griggs [4] have given symmetric chain decompositions of lattices such as this. 
Greene and Kleitman [3], and independently, Leeb (unpublished), developed a more 
direct way of computing such decompositions using a ‘parenthetic’ method. In 
particular, matchings between the two middle ranks are known. Other algorithms for 
constructing such matchings are given by White and Williamson [8], or by using the 
lexicographic order. See Anderson [l] for a general exposition of these results. 
In this communication, we present a new, elementary, method for constructing 
matchings between the two middle ranks. 
We fix some notations. 
Let [n]=(l,2,3,... ,n}, where it is a positive integer. Denote by (‘:‘I) the set of 
subsets of [n] of rank m. Define 
sum(T)= 1 x, 
XGT 
where T is a finite set of integers. 
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2. Representatives of orbits 
The symmetric group S, acts naturally on ([{]I, as follows: 
rrT= {XX / XET} where rc~S, and TE([~~). (1) 
Let m be an integer less than n with (m, n) = 1. Let G be the cyclic group generated by 
0=(123 ... n). 
Proposition 2.1. Every orbit in ([ill) under the above action of G is of order n. For each 
integer 0 <k < II, the subsets TE([;]) such that sum(T)= k (mod n) form a set of repre- 
sentatives for the orbits. 
Corollary 2.2. II divides (k) whenever (n, m) = 1. 
Proof of Proposition 2.1. Observe that 
sum(aT)=sum(T)+m (modn). 
Since (m, n)= 1, the function sum, when restricted to a T-orbit maps onto a set of 
representatives of modulo n equivalence classes. Since 1 G 1 = n, this restriction must be 
a bijection, whence the proposition. 
Proposition 2.1 is equivalent to determining the different ways of constructing 
a bracelet from n beads of which m are black and n - m red. For instance, if m = 2, n = 5, 
and k=O, the only subsets T with sum(T) divisible by 5 are { 1,4} and {2,3), and, 
indeed, there are only two ways of constructing bracelets with two black and three red 
beads, namely: brrbr and rbbrr. 
3. Matchings 
Consider the subgraph r of the subset lattice consisting of only the rank n and n + 1 
subsets of [2n + 11. The vertices are the elements of (t”‘: ‘I) and (t2,“+i’]), and the edges 
are defined by inclusion. 
The edges of any regular, bipartite graph can be exhibited as a disjoint union 
of matchings. (This follows from the pigeon-hole principle and Hall’s matching 
theorem). Here, we shall exhibit such a decomposition of r. Some of these matchings 
appear to be new in the sense that they are not conjugate to known matchings under 
a permutation. 
Definition 3.1. For each integer pE[n+ 11, define a map 
Matchings and the swn function 201 
as follows. Let TE( t2n;-i1]). Let P be the unique element in [n+ l] such that 
sum(T)+p=P (modn+ 1). 
Let U be the subset of Tobtained by removing the Pth element of T(using the natural 
order of integers). Let 
In other words, the map f, is obtained by adding up the numbers of the set, and 
then counting through the set (a la ‘one potato, two potato, . . . ’ ) until the sum is 
attained. The element of the set landed on is the element to be omitted. The parameter 
p merely shifts the starting point of the count. 
Examples. Let n=2 and p= 3. (p=n+ 1 corresponds to starting the count with the 
first element of the set.) Then f, is the map: 
{123}+{12}, {234}+{23}, {345)+{34}, {145}+{45}, {125}+{15j, 
{124}+(24}, {235}+{35}, {134)+{14}, (245)+(Z), {135}+(13}. 
Let n=7 and p=8. Then 
f,((1,3,4,7,8,10,12,14})=(1,3,7,8,10,12,14} 
since 1+3+4+7+8+10+12+14+p-3 (mod8). 
Proposition 3.2. f, is a bijection between ([$‘,?:I) and ([2”,’ ‘I) such that f,(T)c T. The 
collection { fp}pECn+ 1lyields a partition of the edges of r into disjoint matchings. 
Proof. We shall show that each UE( n t2”+r1) has a unique pre-image under f,. We 
define functions rc and A whose domain UC. Let XEU~. 
Let z(x) be the position of x in {x> u U under the natural ordering of integers. 
Let A(x)=sum(Uu{x})-z(x). 
Let a, bE U” satisfy a < b and no m such that a < m < b lies in UC. 
We have 
z(b)=n(a)+b-u-l, 
sum(Uu(b))=sum(Uu{aj)+b-a 
so that 
A(b)= A(u)+ 1. 
This shows that A establishes a bijection between UC and equivalence classes 
modulo n+ 1. Any set TE(~‘,“+~] ) which maps to U under f, must be of the form 
U u {x}, XE UC where, by construction, we must have A(x) + p = 0 (mod n + 1). Thus, 
T is unique. 
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Observe that for a given U, each choice of p yields a different pre-image T. The 
proposition follows. q 
There is a natural action of the symmetric group SN on the set of all maps 
fl~(IInl)~~(IInl) given by 
where rceSN, and TE!?([~]) (see (1)). 
Each matching in fact gives rise to several matchings via this group action. It is 
known that not all our maps can be obtained from other known ones via some 
permutation. Indeed, for the case n = 2, fi, f3, and the map of Greene and Kleitman 
[3] are contained in the same S5 orbit, which has 24 elements. However, f2 gives rise 
to a different orbit. 
Let o=(123...2n+l)~S~~+~. 
Proposition 3.3. Ofp = f, . 
Thus, (a) is contained in the stabilizer off,. 
Proof. Let TE([:++:]). 
Case 1: Assume 2n + 1 E T”, and that the Pth element, call it x, of T is removed by f,. 
We have sum(aT)-sum(T) (mod n+ 1) so that f, will remove the Pth element from 
oT as well. Since 2n+ 1 ET”, the Pth element of CJT is a(~)( =x+ 1). That is, 
c~(f,(T))=f,(aT). 
Case 2: Assume 2n + 1 E T, and that the Pth element, call it x, of T is removed by f,. 
This time 
sum(aT)=sum(T)+n+ 1-(2n+ l)=sum(t)-n. 
Thus 
sum(aT) = sum( T) + 1 (mod n + 1). 
Thus, the (P+ 1)st element of aT is removed by f,. However, since 2n+ 1 ET, the 
Pth element of T is moved to the (P+ 1)st element of oT and we have again 
a(f,(T))=f,(aT). (Here, we allow 2n+2 to refer to the 1st element of oT.) 
This concludes the proof. 0 
Thus, to know f,, it suffices to determine f, on a set of representatives of the 
orbits of (0) on ( [?+I+:]). Since n+ 1 is relatively prime to n+ 1, Proposition 2.1 is 
applicable. 
Remark. The maps f, will map a set of representatives of the orbits of (a) on ([2,“++1’]) 
to a set of representatives of the orbits of (a) on ( tznT ‘I) and a similar statement holds 
for f;‘. 
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4. Conclusion 
We conclude with a corollary of Proposition 3.3 which can be used to determine 
when two subsets in (“,n+lll) are cyclically conjugate. 
Corollary 4.1. Let S, T~([2,r;+l’]). Let 0=(123 . .. 2n + l), G = (c). Suppose f, removes 
the Pth element a from S and the Qth element b from T. Then S and Tare in the same 
G-orbit if and only ij” T= gbmaS. 
Proof. The ‘if’ part is clear. 
Assume S and T are in the same G-orbit, say T=okS. From Proposition 3.3, we 
have that 
Thus, k = b - a (mod 2n + 1). The corollary follows. 0 
Remark. The definition of f, can be extended to maps g 1 (,[:I,)++ ([:I) by taking 
congruence modulo m + 1 in Definition 3.1. If m > (n - 1)/2 then g will be an injection. 
Proposition 3.3 will hold whenever m+ 1 divides n+ 1. In this case, Corollary 4.1 
holds as well. 
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